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We refer to GENTZEN's natural-deduction system for arithmetic
(GENTZEN [36] §5, PRAWITZ [71] III.1), for which we give a variant of
'RAWITZ's ([71] app.A) proof of strong-normalization.

The main point of departure of this note from PRAWITZ's treatment is
‘his: we define (an analogue to) "strong validity" (called below "stability')
2xplicitly in arithmetic, instead of giving an inductive definition.

The raisons d'étre of this variant seem to be:

It is an alternative, which some people might like.

. The formatization of restricted versions of the results within arithmetic
is direct (compared to TROELSTRA [73] IV.5,I1.4).

). A more economical measure of complexity on formulae, for the definition

of "strong validity" is obtained (2.1).

-« This kind of treatment is applicable to infinitary derivations, where
inductive definitions seem to fail altogether. (This matter will be
treated in detail elsewhere).

In section 6 we indicate an even simpler variant of the proof, but a

‘ariant which works only for the disjunction—free fragment (and for which

. fails).

REDUCTION-STEPS; STRONG NORMALIZABILITY

The reductions of 1.1-1.3 are defined by PRAWITZ ([65]1,711)

.1. Detour-reductions
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tions preserve the derived formula, but alter the set of open
except if the indicated set of discharged assumptions is empty,

e they are identical with PRAWITZ's [71] 3.3.2 immediate-

ons).




'« Inner-reductions

If A is a proper subderivation of ', A > A' by one of the above, and
comes from I by replacing A with A', then £ » I'. We say then that

- ' by an imner-reduction; A 7 A" by 1.1-1.4 we call a main-reduction.

A is strongly normalizable (s.n.), if there is natural-number n such
t A > A]7> A2 > e 7 An is impossible. If A is strongly-normalizable
write v(A) for the minimal n satisfying the above condition.

. Remark. The treatment below may be modified to apply to a more general
inition of permutative-reductions, where p is allowed to be any inference-
e except induction (for the case of - I such a reduction may, however,

er the set of open assumptions of the derivation). For applications of
strong-normalization theorem, however, this generalization is super-

ous. We therefore prefer to treat the restricted definition, allowing a

ater clarity of the proofs.

IMPROPER REDUCTIONS, STABILITY

A measure of complexity

The measure p on formulae is defined by recursion on their length:

) = o for A atomic

&B) = u(AVB) := max[u(A),u(B)]
xAx) 1= u(3xAx) := u(Ao)

+B) := max[u(A),u(B)I1+ 1.

For a derivation A with a derived formula A we also write n(A) := u(a).

. Improper-reductions

Assume that the notion "stability" and the reduction-step > are

ined for derivations A such that u(A) < n. For A s.t. u(A) = n we then

ine
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Note that these reductions do not preserve the meaning of derivations.

’hey only have a combinatorial role in the proof of strong-normalization.

'.4., We write A ¥ A" if for some n =2 0 A = AO >c A] .. X An = A",

there > 1s either » or >o.

'.5. Stabilitz
It is seen outright that if A > A' then u(A') < u(A). Hence the
lefinition of A »> A' uses the notion of stability only for derivations

"s.t. p(l) < p(d). So we may define: A is stable if A > A' = A' is s.n..

. * ., *x . . . .
'.6. We write A+~—> A if A 1is obtained from A by substituting terms for
rarameters free in A and then substituting stable derivations for some open

lssumptions.




7. A is stable under substitution (s.s.) if A +> A" implies A* is stable.
3. Lemma. A 78 stable Zff A> A' implies A' Zs stable.

). Lemma. Every s.s. derivation is stable, and every stable derivation

S. M.,
|0. Lemma. If A' Zs a subderivation of A, and A is s.n. then A' Zs s.n.
I1v(a") < v(n).

2.8-2.10 are immediate from the definitions.

TREATMENT OF INTRODUCTION-INFERENCES AND INDUCTION

A (D))
. Proposition. If A = —£ler—p where p 18 an introduction-rule and A

id Al) are s.s., then A 18 s.s..

0

of. By 3.3, 3.7, 3.11 and 3.12 below. [J

'» Lemma. If AO,Al are stable then so is
A B
AO A]
Az A B

A&B

of. By induction on v(AO) + v(Al). If A ¥ A" then this reduction is
:essarily an inner one,
1 |
bo A
A A

"

A&B

re v(A6)+v(A;) < v(AO)+v(A]), hence A' is stable by induction hypothesis.
A > A" = ﬁo, say, then A' is stable by assumption. By 2.8 A is stable. [J
. Lemma. If AO,A1 of 3.2 are s.s., then so is A.

of. Immediate from 3.2. O




[A]
A
issumptions of A of the form A. We say that A is strongly stable at [A]

3.4. Definition. Let be a derivation, where A] is a set of open

.f for every stable derivation r

A [%] is stable.
]
3.5. Lemma. Let [ij be s.s. at [Al, [i]‘> [39 where [A]' 7s the set of

:optes of elements of [Al. Then A' Zs s.s. at [A]'.

'roof. Immediate by induction on v(A).(Note that the same I' is substitut

‘or every A € [A] in 3.2, and that no assumption of T may be discharged
=

v in [AD). 0O
A

[A]
}.6. Lemma. If % 78 s.s8. at [Al, then

[A]
_ A
r = B
A>B
.8 stable.
A' .
'roof. By induction on v(A). If T > I' = yeey then v(A') < vw(A), A" sati

ies the conditions of the lemma by 3.5, and we are done by ind. hyp.

f

hen ' is stable, since A is s.s. at [A] by assumption.

Hence by 2.8 £ is stable. [J

[A]
7. If A 18 s.s., then
B
[A]
A
g - °”
A>B

S 8.8,
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(A']

A*

Zr——>}:*E B*

A*—> B*

* * .
s s.s., hence A is s.s. at [A 1, so by 3.6 £ 1

S.s. O

}. Lemma. If a 28 free in :(a), £ » I' then a is

D) > I(w) fbr.every term t.

* .
). Lemma. If A — A and a does not occur in any

m A > A*[t/a] for every term t.

The proofs of 3.8 and 3.9 are immediate.

0. Lemma. If a s free in Agz) and A(t) Zs stabi

A (=)
Y =2 Aa
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> at all a correct derivation) is stable.

of. By induction on v(A) (as in 3.2). If

A'(a)
Aa

VxAx

g >z

1l

sn v(A') < v(A) and by 3.8 a is free in A' and A
sry t. Hence by the induction hypothesis A' is s

sn £' is stable outright by assumption. By 2.8 I

18 8.8. then so s
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Proof. Let

2 (a)
T — 2 = A*a .

*
VXA x

* * . * .
By 3.9 A v A (t) for every t, so A (t) is stable. By 3.10 then I 1is also

stable, as required. [

3.12. Lemma.

A
(1) If ;i 78 S8.8., them so is At .
IxAx
A . A A
(ii) If A L8 8-8. then so are A , A
AVB BVA

’roof. Similar to 3.2-3.3. g

. [At] .
3.13. Lemma. If ;; 78 stable, and for every term t A(t) S s8-8 at [At],

then
[Aal
T A(a)
T = Ao A(Sa) IND
A(t)

‘s stable for every term t.

'roof. By induction on v(Z) + v(A) + 1(I), where T(I) is defined as follows:

“(t) = 0, if t is a term and for no terms t = Ss,
(St) := t(t) +1,
(D) = 1t(t), if the main inference-rule of the derivation II is IND,

with t as a proper term,
(X) :=o0 else.
low if I > II' by an inner reduction then T(II') = t(lI), v(Z")+v(A") <
v(Z)+v(A) and as in the proof of 3.10 NI' satisfies the assumptions of the
.emma. Hence by the induction hypothesis I' is stable.

ft=0,0I1%>10" =2 then II' is stable by assumption.




If

[Aa]

bX A(a)

I>1" = Ao A(Sa)
[At]

A(t)

A(St)

:n T(HO)-< t(l1), so by the induction hypothesis I is stable. By

0
sumption A(t) is s.s. at [At], so II' is stable. The lemma follows by
3. 0O

l4. Proposition. If I, A(a) of 3.13 are s.s. then so is I.

of. 3.14 follows 3.13 like 3.11 follows 3.10. 0

TREATMENT OF ELIMINATION-INFERENCES

). Notations and definitionms.

For the sake of brevity we shall skip cases for disjunction-rules,
.ch are to be treated in complete analogy to the J-rules. Let HO(HI)
tote the left (right) main subderivation of II, and A(II) denote the heigh
I (as a tree).

If HO ,H] are s.n., we define for I the measure i(Il) by

Y = <@, @, valhys.

z 1. . .
Let I = IxAx " [55‘ is stable under ¥ at [At] if A is stable,
0 0
| whenever £ > ... > At then [At] is stable.
IxAx A
Al .
. Lemma. If "~ s stable under T at [A] then
1
if [ij > [29 then A' 1s stable under T at A]l';

) 2f T > i' then A is stable under r' at [A].

O

of. (i) is analogous to 3.5. (ii) is immediate from the definitiom.




HO(HI)

P be given s.t. eith r

4.2, Main lemma. Let I =
(1) p Zs an elimination-rule other than 3IE, and HO,HI are stable; or

(i1) p Zs 3JE,

[A(a)]

1 1l
I = 3JxAx B
B

say, i is s.m., and for every t H](t) is stable under HO
at [At].
Then 1 is stable.

>roof. By induction on i(Il). I.e., we assume that every O satisfying the
:onditions of the lemma and i(0) < i(Il) is stable, and we prove that

IA = A is stable (which implies that I is stable by 2.8).

case [al: I > A by an inner reduction in HO. Then v(AO) < v(HO) so

-(A) < i(ll). If (i) applies to I (and to A) then A satisfies the conditi
>f the lemma by 2.8, and if (ii) applies - by 4.1 (ii). So by the
.nduction hypothesis A is stable.

lase [b]: T > A by an inner reduction in Hl. Then 20 - HO,

)(Al) < v(Hl) so 1(A) < i(). A satisfies the lemma's conditions by 2.8
.f (1) applies, and by 4.1 (i) - if (ii) applies. By the induction hypot

\ 1s stable.

case [cl: (i) applies, and T > A by a main direct reduction. Take the ca

» = »E (the argument is similar for &E and VE).

[A] |
I
)T | ral
= BT S . = A
A>B A B

{0 and Hl are assumed stable, so




I~

=
Y

1ce A is stable (2.8).

se [d]: (ii) applies, and I > A by a main direct

HO [Aa] HO
ac 1'(a) [At]
T % wx B 7 ey °©
B B

condition (i1i) A is stable.

e [e]: (i) applies and T > A by a permutative re

[Aa]
° 1 I (a)
0 1
I = IxAx B IE |
B I
( )p
C
[Aa]
I (a)
] I
FO B (n )p
BXAX C HE =
C

is stable by assumption, HO > I' (by a semi-prop

1

Tl is stable, and v(F]) < v(HO). H] is stable by

ble. A~ = FO is a subderivation of HO, hence it
Oy < v white 0% < 29). so0 i(a) < icm).
To show that A satisfies condition (ii) of the

that whenever
FO > > Aet
JIxAx IxAx

tion.

m.

uction, cf. 1.4),

ption, hence A]

. by 2.10, and

, 1t remains to

is
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0
[At]
r (t) =: E
I 1
B I
() 0
C
is stable.
But if (*), then
G}
FAt]
0 . _ -0
H > 1) > F](t) - - 3
B

_0 0 . .
so V(E7) < v(I") and 1i(E) < 1(I).

HO is assumed stable, hence EO is stable (2.8), while E] =1
assumed stable outright. Hence E satisfies case (i) of the conditi the
lemma, and by the induction hypothesis Z is stable. Hence A satisf l1se
(ii) of the lemma's condition, and by the induction hypothesis A i le
Case [f]: (ii) applies, and T > A by a permutative reduction.

(N
[Aa] (2)
r r
0 l(a) sz]
n = IxAx  JyBy (1) 3E m (b)
3yBy C (2 3E
C
3
(1) (2)
[Aa] [Bb] I
1 s A (a)
F](a) m (b) -
TO JyBy C
(2) 3E
J
IxAx (1) 3E
C
1. 0 0 . 1.
[ is stable at [Bb] under I, I~ > F], hence (by 4.1 (1)) T 1is
it [Bb] under T',. We conclude that Al is stable, and that i(A) < i ke

1
‘n case [e].




Fa

1 .
It remains to show that for every t A (t) is stable at lAt] under FO;

»,, that if

C]
) FO > . > At
IxAx
N
C]
[At] . [Bbl
ro( 1! (b)
JyBy C IE

C

stable. But, like in [el, (*) implies that HO)> ee. 57, so E7 1is
L, vED < va®) and i(2) < i),
:E]) is well-defined, because E] = Hl which is stable by assumption, so
).
% satisfies case (ii) of the lemma's conditions by 4.1 (ii), so
the induction hypothesis Z is stable. Hence A satisfies case (ii) of

. lemma's conditions, and by the induction hypothesis A is stable.

e [gl: (ii) applies and I > A by a semi-proper reduction:

0 ;1
! 1 _
N JE>IT = A

n A is stable by assumption.

s concludes the proof. [J

0 1
. Corollary. If Tl = E—Kil—l p where p is an elimination—inference, and

1 .
I aqre s.s., then 1 78 s.8..

of. If p is &E, »E or VE this follows case (i) of 4.2 outright. If p is

(or analogously - VE) then, if




[Ba]
. 10% %
I =
IxBx A IE
A

then a does not occur in any open assumption of II, so we have thai

I (t)
z . .
for any t and any stable Bt In particular, if
0
(0L 0
I > ... % _Bt 7° Bt
IxBx
0 0% ©
then At is stable, since I is stable (by assumption). So [Bt]
| ml*(t)

and the conditions of case (ii) of 4.2 are satisfied, hence m* is

as required. O

5. THE STRONG NORMALIZATION THEOREM

5.1. Theorem. Every derivation I is 8.S..

Proof. By induction on A(II). For X(I) =1, i.e., Il is a singleton-
the theorem is immediate from the definition of s.s..
If the main rule of M is a Post-rule, the theorem follows tri

the induction hypothesis applied to HO (and H]).

If the main rule of Il is an introduction-rule or an induction
by the induction hypothesis on HO and H1 by 3.1, and if this is an

elimination-rule - by 4.3. [

5.2. Corollary. (strong-normalization theorem). Every derivation ©

Proof. By 5.1 and 2.9. [J

15

ible,

ition,
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ANOTHER VARIANT OF THE NORMALIZATION-PROOF

0. For the disjunction-free fragment we may give an even simpler a
tive proof, as below. Note that disjunction is eliminable in intui

ithmetic (TROELSTRA [73] 1.3.7, LEIVANT [73] IV.1).

1. Define the reduction relation > as follows.
) Detour-reductions - like 1.1.

) Detour-reductions through 3JE:

Lo 4y
A B Ly
A A&B A A
o % L
Al A&B A] A
3IE > 3IE
A&B A
A . A .
k 3IE k IE
A&B A

| similar clauses corresponding to the other detour-reductions.

Induction-reductions - 1like 1.2.
Inner-reductions - 1like 1.4.

The definition of strong-normalizability follows as in 1.

. To the clauses of 2.2 add to the definition of > improper-redus

‘ough 3JE:

L 4
B
A Z,
A A&B A A
0 JE 0
A&B Se A
A . A .
k JE LS
A&B A

etc.

ic




The definitions of stability, and s.s. follow.

5.3. The treatment of the introduction-rules is now essentially the same
as in 3, and the elimination-rules are even simpler (the inference cases
created separately, and only a simple argument is to be added for the ne
luctions). Thus the strong-normalization theorem is obtained. Here we get a
che corollaries of normalization without referring to permutative reduct

vecause of the presence of reductions through 3JE.

).4. Permutative.reductions of the most general kind (1.7) may be reinse
‘nto the treatment without destroying its simplicity. '

Let Ppseee enumerate the instances of JE in a given derivation A,

5P
k
SERRERY. % their respective major-premises. Say that A, is subordinated t

% iff éi occurs in the minor premise of Py Define

OA(éi) = EéﬁfoA(éj) I éi is subordinated to éjj
hA(éi) = the height of éi in A

UH(A) = <n],...,nk> where

n_ = Z{hA(Ai) l OA(éi) =1} (usual summation)

'hen, 1f A > A' by a permutative reduétion, then ua(A') < UH(A) and
(A') = v(h).

Now, every derivation A is strongly normalizable relative reduction:
equences allowing permutative reductions (p.s.n. say), by induction on

v(A),uH(A)>, since

A 7 A' by a non—permutative reduction = v(A') < v(A);

A > A' by a permutative reduction = v(A') =v(A) andlﬁfA')< ua(
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FORMALIZATION OF THE PROOF IN ARITHMETIC.

. The formalization within arithmetic of our proof of strong normalization
routine, except for one point: the arithmetization of the stability-
:dicate.

Let Stk(F) be a tentative abreviation for the formalization of
1(T) <k and T is stable ". Strong normalizability is seen outright to
formalizable as a Zg predicate (Sn say). Since StO(A) <~ Sn(p) if
\) = 0, Sto is'also a Zg predicate.
u(A) = n+l then A > A' is in general formalizable as a predicate of

» form

(3r <a') [SE,(T) & F(4,4',1)]

re F is a p.r. relation (and where Greek majuscules are used as variables

0 in St .
n

*g.n.'s of derivations). A » A' is ZO ,

1 in y< , hence A »» A' is T

St_, () = VA'[AYA" > Sn(a")],

Stl(A) is of the form V[Zg - Zg] which is classically a Hg

for n>2 we can see by induction that Stn is classically-equivalent to

-predicate;

-predicate.
n+2 P

. Consequently, we may formalize within Hg —arithmetic (where k is

+k
ed for every n) the normalization-proof for all derivations A, satisfying:

A occurs in A then p(A) < n"

ELSTRA [73] IV.4.

. Some consequences of this are given in

. Our proof of normalization illustrates the essential place of implica-
n in formulae-complexity, since implication is the only logical symbol
nted for the measure u. By 7.2 normalization of derivations with a bound
the nesting of implications in the formulae (but with no bound on the

ernations of quantifiers) is formalized within arithmetic.
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